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We show that the Dirac equation can be rewritten as a relation describing the fundamental 
symmetry group of special topological manifold corresponding to the Dirac wave field. It 
leads to unification of the time-space and internal symmetries wihin one symmetry group. 
We suppose that nonelectromagnetic interactions appear within such approach as the 
deviations of the metrics from the euclidean form. The expression for the long-range part 
of "effective" nucleon-nucleon potential is derived using this assumption. 

In this papaer we attempt to introduce the topological and group-theoretical 
approaches at the very beginning of quantum formalism. Let us show, at first, 
that the equation for the free Dirac field can be considered as a relation describing 
symmetry proprieties of the nonorientable local Euclidean Riemann time-space 
representing this Dirac wave field. 

For free field the Dirac equation can be written as [1]: 

where xq = ct, x\ = x, x<i = y, X3 = z and Km = mc/K. In (1) ijj is the 
four-component spinor and 7; are the known four-dimensional matrices satisfying 
the following relationships: 

7/7n + 7n7/ = 0, l + n\ y% = 1, Ti = T2 = T3 = ~ 1 • ( 2 ) 
We write the energy conservation low E 2 — p 2 c 2 = m 2 c A in the form 

K 2 -K 2 -K 2 -K 2 = K 2 M , (3) 
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where Kq = E/hc and ^1,2,3 = Pi, 2,3/^- 

We shall show now that operators K~ 1 id/dx n and matrices 7 n in (1) can be 
considered as the representations of two time-space symmetry transformations: 
translations and reflections. 

Let us show that T = K~ l id/dx n is the operator of translation at distance 
AX n = 2ir/K n . The x n -dependence of function tp in (1) has the form tp ~ 
exp(—iK n x n ) [1]. Hence, 

id/dx n ip = K n exp(-iK n x n ) = K n exp[-iK n (x n + 2n/K n )] = K n ip(x n + AX n ). 

This can be rewritten as 

TiPixn) = 4>(x n + AX n ), (4) 

which signifies that T(AX n ) is, in fact, the operator of translation at distance 
AX n [2]. 

Let now show that 7 n are the reflection operators R n : Ritp(xo, x±, X2, £3) = 
ip'(—xo,xi,—X2,—xs) etc. As to the matrix 70, it is known to be the reflection 
matrix Rq (the so called "space reflection" [1]). Let us consider, for example, the 
product 7273. This product formally represents the spatial rotation about the x\- 
axis by the angle ir [1]. At the same time, the same rotation can be accomplished 
by the two successive reflections: (x' 2 = ^2^0,1,3 = —£0,1,3) an d ( x 3 = x 3> x o,i,2 = 
— £0,1,2)- Hence, 72 and 73 are, in fact, the R2 and R3 reflections. 

Finally we can rewrite Eq.(l) in the following form: 

{K f R - K1T1R1 - K2T2R2 - K 3 f 3 R 3 W = K M ^. (5) 

What does it mean? We suggest a new interpretation for this equation. Let 
us consider this equation as a group-theoretical relation describing the geometrical 
proprieties of a certain distorted Minkovski space, a manifold that represents Dirac 
free wave field. Within such an approach, the pseudoeuclidean Minkovski space 
plays the role of a universal covering surface for the manifold, while the ^-function 
becomes the basis vector of a representation of the corresponding fundamental 
group. 

Spinor representation in Eq.(5) implies that this equation discribes symmetry 
properties of a certain kind of spinor geometric object. Such an object has rather 
specific proprieties typical of a nonorientable local Euclidean Riemann space. For 
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example, it reverts to the initial position not after rotation by angle 2tt but after 
rotation by angle An (as the Mobius strip) [3,4]. We see that the spinor geometrical 
object in Eq.(5) behaves in the same way after certain reflections (7^ 2 3 = ~~ 1> but 
712,3 = +!)■ It is also known that some nonorientable manifolds have a funda- 
mental group generated by glide reflections (product of translation and reflection 
[5]), and we see that Eq.(5) contains operators of glide reflection. 

As a result we can state that Dirac equation (1) is, in fact, the group-theoretical 
relation describing symmetry properties of a special quantum object, nonorientable 
local Euclidean Riemann space representing the free Dirac wave field. Energy, 
momentum, mass, spin and charge become the corresponding topological invariants 
and the Dirac theory appears as geometrical theory for the curved four-dimentional 
manifold. 

The above approach can easilly be generalized to the classical Maxwell wave 
field and we'll discuss this case in details into subsequent publications. (Unlike the 
Dirac field, this field appears as the orientable local Euclidean space). In any case, 
the usefullness of the new interpretation can be established after its application 
to the problem of interacting fields. Moving in this direction, we start with the 
simplest one-particle approximation when the Dirac field can be considered as 
classical and the external field can be considered as a given function. 

Let us consider the problem of electron in a hydrodgen atom. Dirac equation 
(5) for this case has the form (with our notations) [1]: 

K (f - ip(r))R - K1T1R1 - K 2 f 2 R 2 - K 3 f 3 R 3 )^ = K M ^, 

where <p(r) is the Coulomb potential. We see that within the topological inter- 
pretation, "switching on" of the external electrostatic field means the violation of 
translational symmetry: this violation leads to an " inhomogeneous compression" 
of the initial manifold along the xo-axis. 

Assume that the nonelectromagnetic fields (nuclear ones, for example) also, 
within one-particle approximation, violate the initial symmetry of Riemann space 
generated by the free Dirac field. These violations should be different from these 
caused by the static electromagnetic field (violation of translational symmetry). 
They should be violations of the reflection symmetry, the second type of initial 
symmetry. Such violations can distort the initial local Eucledian metrics. In this 
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case Eq.(5) can be written as 



4 

gin^Kit^ = K M 4>, (6) 

l,n=l 

where the undistorted metrics gi n {x) had the pseudoeucledian form: goo = 1 5 511 = 
522 = 533 = = 0,1 ^n. 

To clarify whether the above hypothesis is realistic we used the following 
simplified form for gi n (x): g 01 = g w = g 02 = 520 = 503 = 530 = 0, 500 = 
1 - vi(r), gu = £-22 = 533 = 1 - v 2 (r),g 12 = 513 = 523 = 1 - v 3 (r), where 
r 2 = x\ + x 2 +x\. In the nonrelativistic limit of Eq.(6), we obtain (using the stan- 
dard method [1]) Schrodinger equation for the stationary state with the "effective" 
potential 

V eff (r,E,P) = E Vl (r) + ^-P 2 v 2 (r) + -(P X P V + P x P y + P Y P z )v 3 (r), (7) 

where P x ,y,z are the momentum operators, E is energy and v{r) are unknown 
functions. Interestingly, thus obtained effective potential (7) is very close to the 
semiphenomenological so called "Paris nucleon-nucleon potential", which was suc- 
cessfully used for the interpretation of experimental data on nucleon-nucleon scat- 
tering [6]. 
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